We examine the notion of α-strong singularity for subfactors of a II 1 factor, which is a metric quantity that relates the distance between a unitary in the factor and a subalgebra with the distance between that subalgebra and its unitary conjugate. Through planar algebra techniques, we demonstrate the existence of a finite index singular subfactor of the hyperfinite II 1 factor that cannot be strongly singular with α = 1, in contrast to the case for masas. Using work of Popa, Sinclair, and Smith, we show that there exists an absolute constant 0 < c < 1 such that all singular subfactors are c-strongly singular. Under the hypothesis of 2-transitivity, we prove that finite index subfactors are α-strongly singular with a constant that tends to 1 as the Jones Index tends to infinity and infinite index subfactors are 1-strongly singular. Finally, we give a proof that proper finite index singular subfactors do not have the weak asymptotic homomorphism property relative to the containing factor.
Introduction
The study of subfactors of a II 1 factor was initiated by Vaughan Jones in [8] , where he defined the index [M : N ] of a subfactor inclusion N ⊆ M to be dimension of L 2 (M ) as a left Hilbert N -module. He showed that the has come to be known as the weak asymptotic homomorphism property, or WAHP, in M . Using the equivalence between the WAHP and singularity, it was shown in [19] that the tensor product of singular masas in II 1 factors is again a singular masa in the tensor product factor. It is natural to ask what relationships these properties have for arbitrary subalgebras of M . Herein, we will consider the case where B = N is a subfactor of M . Understanding singular subfactors of the hyperfinite II 1 factor would shed light on (and possibly decide) whether all index values occur for irreducible subfactors for subfactors of the hyperfinite II 1 factor. It is worth noting that all "small" noninteger index values (between 3 and 4) yield singular subfactors.
One might guess that in this situation, the other extreme from masas, that it would be possible to deduce strong singularity from singularity. The main result of this paper is that this is not the case. Using planar algebra techniques, we produce an example of a finite index singular subfactor of the hyperfinite II 1 factor R. that is no more than 2( √ 2 − 1)-strongly singular in R. The supremum over all admissible numbers α appearing in the strong singularity inequality then represents a new, nontrivial numerical invariant for singular subfactors of II 1 factors under unitary conjugacy.
The paper is organized as follows: Section 2 establishes notation and general background. In Section 3, we establish positive results for strong singularity constants. Theorem 3.1 shows that when the higher relative commutant N ∩ M, e N is 2-dimensional, proper finite index subfactors of M are α-strongly singular in M where α = . As this constant tends to one as the index tends to infinity, this suggests that infinite index singular subfactors are strongly singular. Indeed, the methods of proof for the finite index case yield strong singularity for an infinite index inclusion N ⊆ M when N ∩ M, e N is 2-dimensional. Using results from [11] , we obtain an absolute constant c = 1 13 for which all singular subfactors are c-strongly singular.
In Section 4, we give the example described above as the unique (up to conjugacy) subfactor of index 2 + √ 2 subfactor of the hyperfinite II 1 factor, and prove the aforementioned upper bound on α. Using Theorem 3.1, we can obtain a lower bound of 2 − √ 2. Finally, we give a simple proof in Section 5 of the fact, due to Popa, that no proper singular finite index subfactor of M has the WAHP. Thus, these properties cannot be equivalent in general.
Let us briefly discuss existence questions for singular subfactors. Since technically M is a strongly singular subfactor of itself (with the WAHP), existence questions for singular (or strongly singular) subfactors must be qualified. Recently, Stefaan Vaes has proved that there exists a factor M such that every finite index irreducible subfactor is equal to M [20] . This implies that there exist factors with no proper finite index singular subfactors.
On the other hand, Popa has shown in [14] that there always exist singular masas in separable II 1 factors. The correct analog of the question for masas, then, is to ask whether there always exist infinite index hyperfinite singular or α-strongly singular subfactors of any separable II 1 factor. An example in the hyperfinite II 1 factor of an infinite index subfactor with the WAHP was provided in [17] . In [13] , Popa remarks that by results from [12] , every separable II 1 factor has a semi-regular masa that is contained in some (necessarily irreducible) hyperfinite subfactor, and so by Zorn's Lemma has an irreducible maximal hyperfinite subfactor. Such an object is then a maximal hyperfinite subalgebra of M , and as Popa observes, any maximal hyperfinite subalgebra is singular [13] . Therefore, any separable II 1 factor has an infinite index hyperfinite singular subfactor. Maximal hyperfinite subfactors in any II 1 factor were first exhibited in [4] . Whether there exist strongly singular hyperfinite subfactors or hyperfinite subfactors with the WAHP in any II 1 factor remains an open question.
Preliminaries and Notation
Throughout, M will denote a II 1 factor and N a subfactor of M . Unless otherwise noted, M shall be regarded as faithfully represented on the Hilbert space
, where τ denotes the unique normal, faithful, tracial state on M . Elements of M considered as a subspace of L 2 (M ) shall be denoted byx or xÎ for x in M and I the identity element of M . The element I is a cyclic and separating vector for
, then the von Neumann algebra M, e N generated by M and e N is a factor of type II equal to JN J, and so is of type II 1 if and only if N is. We will denote by E N the unique normal, faithful, trace-preserving conditional expectation from M onto N , which can be thought of as the restriction of e N to MÎ. The factor M, e N possesses a unique normal, faithful, semifinite tracial weight Tr such that for all x, y in M ,
If [M : N ] < ∞, then for every element x in M, e N , there is a unique element y in M with xe N = ye N . Proofs of these facts may be found in [7] or [8] . We shall denote by Aut(N ), U(N ), and N M (N ) the groups of automorphisms of N , unitaries in N , and normalizing unitaries of N in M , respectively.
A von Neumann subalgebra B of M is α-strongly singular [18] if there is a constant 0 < α ≤ 1 such that for all unitaries u ∈ M ,
where
T x 2 . If α = 1, then B is said to be strongly singular.
Positive Strong Singularity Results for Subfactors
Under the assumption that N ∩ M, e N is 2-dimensional, we can establish strong singularity constants for singular subfactors. In [6] , this condition is referred to as 2-transitivity.
This projection is not e N since {e N } ∩ M = N and it is also not e By Goldman's Theorem ( [5] or [7] ), all index 2 subfactors are regular. Any subfactor of index strictly between 3 and 4 is 2-transitive, and therefore singular. There also exist 2-transitive hyperfinite subfactors for every integer index ≥ 3.
Proof. Let N ⊆ M be a singular inclusion of subfactors and suppose N ∩ M, e N is 2-dimensional. Let u be a unitary in M and define C to be the weakly closed convex hull of the set {we N w * : w ∈ uN u * } where w is unitary. Then C admits a unique element of minimal 2-norm denoted by h which has the following properties, detailed in [11] :
2) Tr(e N h) = Tr(h 2 );
3) Tr(h) = 1; 
and substituting the formula for α gives
Using 2), we have
and so (λ 2 + λ)β 2 − (λ + k + λk)β + k = 0. We may then solve for β in terms of λ and k, obtaining the roots β = k λ and β = 1 1 + λ .
Suppose that β = 1 1 + λ . Then
and so
Since h is an element of C, there exist natural numbers {n j } ∞ j=1 , positive reals {γ
Taking the trace of both sides yields
However, for any n j , 1 ≤ j < ∞,
. We obtain that
Then
, and there the two roots are identical.
We may then take β = k λ and so
By 4),
As k ≤ 1,
and it follows that
If [M : N ] = ∞, then as previously noted, α = 1 and so h = ue N u * . Therefore,
so that N is strongly singular in M and the proof is complete.
In the situation of Theorem 3.1, we may immediately show that when unitaries are close to a finite index singular subfactor in 2-norm, they satisfy the equation for strong singularity. 
Proof.
, then
We end this section by producing an absolute constant α for which all singular subfactors of M are strongly singular. First, we need a lemma dealing with the form of certain partial isometries. This fact is well-known, but we include a proof for completeness. 
v i vw i is a unitary in M , and if x ∈ N ,
The following result is Theorem 5.4 in [11] . 
There is a similar theorem for arbitrary subalgebras of M , also in [11] . As a direct consequence of Theorem 3.4 and Lemma 3.3, we obtain Corollary 3.5. Let N be a singular subfactor in M . Then N is 1 13 -strongly singular in M . Theorem 3.1 shows that the constant 1 13 is not always optimal even for proper finite index singular subfactors.
A Singular Subfactor that is Not Strongly Singular
In this section we describe an example, suggested to the authors by Vaughan Jones, of a subalgebra of the hyperfinite II 1 factor which is singular but not strongly singular. The subalgebra is in fact the unique (up to conjugacy) subfactor with index 2 + √ 2. To show it is not strongly singular, we will estimate both sides of inequality 2.2 for a specific unitary.
In [6] an irreducible quadrilateral of hyperfinite II 1 factors P ⊂ M ∪ ∪ N ⊂ Q was constructed such that each of the four elementary subfactors
The principal graph of N ⊆ M is given as * It is shown in [6] that such a quadrilateral is unique; in particular, it is isomorphic to its dual quadrilateralP
, where In this quadrilateral P and Q are inner conjugate, and in fact a specific unitary u ∈ N ∩ M 1 which conjugatesP ontoQ is given by u = 2e R − 1, where e R is the biprojection in M 1 associated to R [6, Corollary 7.3.4].
We shall require the following results from [6] , which hold for any two intermediate subfactors P and Q of a finite index irreducible inclusion N ⊆ M :
Tr(e P e Q ) δ e P Q where P Q is the (necessarily) strongly-closed subspace of M generated by sums of products of elements in P followed by elements of Q and δ is [M : N ] Proposition 4.2. Tr(e P Q )Tr(e P e Q ) = Tr(e P )Tr(e Q ).
Using these facts, we can then prove:
be the unique irreducible quadrilateral of hyperfinite II 1 factors such that the index of each elementary subfactor is 2+ √ 2. There exists a unitary v ∈ M such that vP v * = Q and E P (v) = 0.
Proof. By self-duality of the quadrilateral, it suffices to show that EP (u) = 0 for the u described above. Let eP ∈ M 2 be the biprojection associated tō P . We then have EP (u)eP = eP ueP . It suffices to show that this quantity is zero, which we will do using the pictorial calculus of planar algebras.
Recall that an element x in the relative commutant N ∩M 1 is represented by the "2-box" X , and more generally, an element of N ∩ M k by the
. For details on planar algebras, see [9] . (Note that we follow the convention of [6] , omitting the "outer boundary".) If P is the 2-box representing e P , then by [6, Lemma 3.2.6] eP = δ Tr(e P ) φ(e P ) = δ Tr(e P ) P ∈ M ∩ M 2 , where the modulus of the planar algebra δ is given by [M : N ]
and φ is the linear isomorphism x → δ 3 E M (xe 1 e 2 ). Using Bisch's exchange relation for biprojections [2] P P = P P we compute: , so that
Tr(e P ) 2δ 2 − Tr(e P ) I = 0, therefore EP (u) = 0 as well.
Proof. Consider the decomposition of M into N −N bimodules, which can be computed from the principal graph of N ⊂ M . We have
Without loss of generality, we may assume that x lies in the V 1 ⊕ V 1 component of M , since any component of x contained in N would be preserved under both E P and E Q and any component of x contained in V 2 ⊕ V 2 ⊕ V 3 would vanish under both E P and
, the operators e P and e Q can be represented (after a suitable unitary transformation) in block form as the 2 × 2 matrices A = 1 0 0 0 and
the parameter λ is the square of the cosine of the angle between these two projections. This angle is the same as the angle between the subfactors P and Q, computed in [6] as Ang(P, Q) = cos −1 ( √ 2 − 1). So λ = 3 − 2 √ 2, and the norm of
is given by the positive eigenvalue of the matrix A − B, which is
Corollary 4.5.
Theorem 4.6. Let A ⊂ M be the unique (up to conjugacy) subfactor of the hyperfinite II 1 factor with index 2 + √ 2. Then A is singular in M but is not strongly singular.
Proof. Since [M : A] = 2 + √ 2 is between 3 and 4, A ⊆ M is singular. By the previous two lemmas, the inequality 2.2 does not hold for α = 1 and the u described above, so the subfactor is not strongly singular.
Note that by combining Theorem 4.6 with Theorem 3.1, we obtain that the optimal value for α in equation (2.2) is between √ 2( √ 2 − 1) and 2( √ 2 − 1).
The WAHP and finite index singular subfactors
A subalgebra B is said to have the weak asymptotic homomorphism property (WAHP) if for every ε > 0 and for all x 1 , . . . , x n , y 1 , . . . , y m in M , there exists a unitary u in B with
As a consequence of Popa's Intertwining Theorem [16] , a subalgebra B of a II 1 factor M will have the WAHP if and only if there are no nonzero finite projections in B ∩ M, e B subordinate to e ⊥ B . We include a simple proof showing that no finite index subfactor may have the WAHP.
Before beginning the proof, recall from [7] or [10] that a Pimsner-Popa basis for N ⊆ M a finite index inclusion of subfactors is a collection of elements λ 1 , . . . , λ k in M with k any integer greater than or equal to [M : N ] such that every x ∈ M may be represented as Observe that λ 1 = 1. Since for i = j, E N (λ * i λ j ) e N = e N λ * i λ j e N = e N v * i v j e N = e N v * i p i p j v j e N = 0, we have that E N (λ * i λ j ) = 0 for i = j. In particular, E N (λ j ) = 0 for all 1 < j ≤ k. It is worth noting that this is the original construction in [10] . Now suppose 1 < [M : N ] < ∞ and λ 1 , . . . , λ k are chosen as indicated. We will show that the WAHP fails for the sets {x i = λ i } and {y j = λ * j }, 1 < i, j ≤ k. Let u be any unitary in N . Then since Tr(e N λ * j u * λ i E N (λ * i uλ j )) = k i,j=2
Tr(e N λ * j u * λ i e N λ * i uλ j e N ).
Using this equality, the fact that u commutes with e N , and This implies that for any given unitary u in N , there are indices 1 < i, j ≤ k with
and so the WAHP fails to hold.
Combining the previous theorem with the discussion at the beginning of this section, we immediately get 
